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Abstract. This paper proposes a framework for modeling and reasoning
about service contracts. It builds on our previous work, where we used
Concurrent Transaction Logic (CTR) as the underlying mechanism for
specifying and reasoning about contracts. The present work is a substan-
tial extension, which enhances the modeling power of the formalism by
allowing iterative processes in the specification of service contracts. The
proof theory of CTR is also substantially extended to enable reasoning
about such contracts.

We start by formalizing the main elements of service contracts: tasks,
choreographies, and policies. Then we show how the logic can be used
to model service contracts and how the proof theory can be used to
reason about the consistency of the contracts. The main contributions
of the paper also include the soundness and completeness proofs of the
inference system.

1 Formalizing Service Contracts: Tasks, Choreographies,
and Constraints

1.1 Tasks

In CTR, tasks are represented as formulas of the form p(X1, . . . , Xn), where p
is a predicate symbol and the Xi’s are variables. The predicate symbol is the
name of the task, and the variables are placeholders for data items that the task
manipulates (e.g. inputs, outputs, etc.). A task instance is a task whose variables
are substituted with concrete values.

Definition 1. (Dependency between tasks) A task p1 depends on a task p2 if
p2 appears in the body of a rule that has p1 as its head.

Definition 2. (Primitive task) A task is primitive if it does not depend on any
task.

We conceptualize primitive tasks as opaque actions that produce some ex-
ternal action and/or retrieve data. In CTR, such actions are represented as
elementary updates and so ground instances of primitive tasks are treated as
CTR’s elementary updates.



Definition 3. (Non-iterative task) A non-iterative composite task, p, is a task
defined by a rule of the form

p ← q (1)

where q is a CTR goal none of whose tasks depends on p.

Definition 4. (Iterative task) An iterative task, p, is a task defined by a pair
of rules of the form

p ← q ⊗ p
p ← state

(2)

where q is a CTR goal none of whose tasks depends on p.

Definition 5. Service choreography A service choreography is an iterative or
non-iterative composite task that represents the root of the task hierarchy, along
with the rules defining it.

1.2 Constraints

Definition 6. (Constraints) The following constraints form the constraint al-
gebra CONSTR:

1. Primitive constraints: If a is a task in a service choreography, then the
following are primitive constraints:
– existence(a, n) - task a must execute at least n times (n ≥ 1):

O≥1a ≡ path⊗ a⊗ path (3)

O≥na ≡ O≥1a⊗ ...⊗ O≥1a︸ ︷︷ ︸
n>1

(4)

We will also use Oa as an abbreviation for O≥1a as this constraint occurs
very frequently.

– absence(a) - task a must not execute:

¬Oa (≡ ¬O≥1a ≡ ¬(path⊗ a⊗ path) ) (5)

– exactly(a, n) - task a must execute exactly n times (n ≥ 1):

O1a ≡ ¬Oa⊗ a⊗ ¬Oa (6)

Ona ≡ O1a⊗ ...⊗ O1a︸ ︷︷ ︸
n>1

(7)

2. Serial constraints: If a, b are tasks in a service choreography then the
following are serial constraints:
– after(a, b) - whenever a executes, b has to be executed after it. Task b

does not have to execute immediately after a, and several other instances
of a might execute before b does:

(path⊗ a) ⇒ Ob (8)



– before(a, b) - whenever b executes, it must be preceded by an execution
of a. Task a does not have to execute immediately before b:

Oa ⇐ (b⊗ path) (9)

– blocks(a, b) - if a executes, b can no longer be executed in the future:

(path⊗ a) ⇒ ¬Ob (10)

– between(a, b, a) - b must execute between any two executions of a, i.e.
after an execution of a, any subsequent execution of a is blocked until b
is executed:

(path⊗ a) ⇒ Ob ⇐ (a⊗ path) (11)

– not-between(a, b, a) - b must not execute between any pair of executions
of a. If b executes after a, no future execution of a is possible:

(path⊗ a) ⇒ ¬Ob ⇐ (a⊗ path) (12)

3. Immediate serial constraints: If a, b are tasks in a service choreography
then the following are immediate serial constraints:
– right-after(a, b) - whenever a executes, b has to execute immediately

after it:
(path⊗ a) ⇒ (b⊗ path) (13)

– right-before(a, b) - whenever b executes, a has to be executed immedi-
ately before it:

(path⊗ a) ⇐ (b⊗ path) (14)

– not-right-after(a, b) - whenever a and b execute, b must not execute
immediately after a, i.e. between the execution of a and b there must be
an execution of a task other than a and b:

(path⊗ a) ⇒ (¬state ∧ ¬Oa ∧ ¬Ob) ⇐ (b⊗ path) (15)

The negation of right-before(a, b) is equivalent to not-right-after(b, a), so
we do not define it explicitly.

4. Complex constraints:If C1, C2 ∈ CONSTR then so are C1∧C2, and C1∨C2.

Nothing else is in CONSTR.

2 Service Contracts Assumption

In this section we introduce the assumptions about the forms of the constraints
and tasks involved in service choreography, which will be relied upon throughout
this paper. These assumptions do not limit the modeling power of the language
in the sense that any service choreography can be simulated by another chore-
ography that satisfies these assumptions.



Definition 7. (Service Contracts Assumption) A service choreography G and a
set of constraints C satisfy the service contract assumption iff the primitive tasks
of G satisfy the independence assumption (Definition 9) and G has the unique
task occurrence property (Definition 11). In addition, the set of constraints C
must be based on primitive tasks (Definition 10).

2.1 Primitive Tasks Independence Assumption

Recall that primitive tasks are represented by elementary updates of CTR, and
an elementary update is a binary relation over database states.

Definition 8. (Independent Primitive Tasks) Two primitive tasks are said to be
independent iff they are represented by disjoint binary relations over database
states.

Definition 9. (Independence Assumption) A service choreography, G, satisfies
the independence assumption iff all its primitive tasks are independent of each
other.

This means that a transition between two states is caused by precisely one
primitive task, and no other task can cause the transition between those states.

Any set of primitive tasks can be instrumented in such a way that the tasks
would become independent. For example, each primitive task, t, can be instru-
mented to insert a unique token every time it executes. Specifically, t inserts
token(t, 0) on first execution and then token(t, 1), token(t, 2), etc., on subse-
quent executions. As a result, any transition between any pair states can be
done by at most one primitive task.

It is easy to see that the independence assumption does not limit the modeling
power in the following sense: there is a 1-1 correspondence between executions
of the original choreography and executions of the instrumented choreography.

2.2 Constraints Based on Primitive Tasks

Our service contracting reasoning technique (developed in Section 3) assumes
that constraints are based on primitive tasks:

Definition 10. (Constraints based on primitive tasks) A set of constraints, C,
is said to be based on primitive tasks iff all tasks appearing in C are primitive
tasks.

As with the independence assumption, the above restriction on constraints
does not limit the modeling power of the language. It is easy to instrument com-
posite tasks in such a way that constraints that the resulting set of constraints
will be based on primitive tasks only.

More specifically, every composite task, p, can be changed as follows:

pstart ⊗ p ⊗ pend



where pstart and pend are new unique primitive tasks.
The effect is that now each composite task has a clearly identified begin- and

end-subtask, which can be used in constraints. For instance, the constraint be-
tween(a,b,a) is now equivalent to between(a,bstart,a) ∧ between(a,bend,a). We can
also have constraints such as before(astart,bend) and between(astart,bstart,aend).

2.3 Unique Task Occurrence Assumption

Some of our results depend on the unique task occurrence assumption, which
informally says that each task can occur only once in the conjunctive part of
the definition of any composite task. To formally introduce this assumption, we
need the following preliminary definitions.

A task, t, is said to have no occurrences in a service choreography G, if
0(t, G) = true, where

0(t, G) =





true, if G is a primitive task and G 6= t
false, if G = t

0(t, q), if G is a composite task of the
form (1) or (2)

0(t, U) ∧ 0(t, V ), if G = U ⊗ V,

G = U | V or G = U ∨ V

0(t, U), if G = ¯U

A task t occurs at most once in a service choreography G, if 0|1(t, G) = true,
where:

0|1(t, G) =





true, if G is a primitive task
0|1(t, q), if G is a composite task
(0|1(t, U) ∧ 0(t, V )) ∨ (0(t, U) ∧ 0|1(t, V )),

if G = U ⊗ V, G = U | V or G = U ∨ V

0|1(t, U), if G = ¯U

Definition 11. (Unique Task Occurrence Assumption) A service choreography,
G, satisfies the unique task occurrence assumption if 0|1(t,G) = true for each
task t.

The unique task occurrence assumption does not limit the modeling power
of our language, since the different occurrences of such tasks can be renamed
apart, which is possible due to the special form of the rules, (1) and (2), which
we use to define composite tasks.

3 Reasoning about Service Contracts

Let C be a constraint from CONSTR, which includes the service policy and the
client contract requirements. Let G be a a service choreography. Suppose G and
C satisfy the service contracts assumption. Then



1. Contracting: The problem of determining if contracting for the service is
possible is the problem of finding out if an execution of the CTR formula
G ∧ C exists.

2. Enactment: The problem of enactment is formally defined as finding a
constructive proof for formulas of the form G ∧ C. A constructive proof is
a sequence of inference rules of CTR that starts with an axiom and end
with the formula G ∧ C. Each such proof gives us a way to execute the
choreography so that all constraints are satisfied.

The rest of this section develops a proof theory for formulas of the form
G ∧ C, where G is a service choreography and C is a constraint in CONSTR.

Section 3.1 presents a simplification operation used by the extended proof
theory, and Section 3.2 presents the actual proof theory.

3.1 Simplification Transformation

First, we define an auxiliary simplification transformation, S. If G is a choreog-
raphy and σ a primitive constraint, then S(G, σ) is also a service choreography
(in particular, it does not contain the logical connective ∧). If G has the unique
task occurrence property then S(G, σ) is defined in such a way that the following
is true:

S(G, σ) ≡ G ∧ σ (16)

In other words, S is a transformation that eliminates the primitive constraint σ
from G ∧ σ by “compiling” it into the service choreography.3 If σ has the form
Oa or ¬Oa then the unique task occurrence assumption is not required for (16)
to hold.

The following defines the simplification transformation S. The fact that it
satisfies the property (16) is proved in Theorem 4.

Definition 12. (Simplification transformation) Let s be a primitive task from
T ASKS.

Let t be a primitive task from T ASKS. Then:

S(t,Os) =

{
t, if s = t

¬path, if s 6= t
(17)

S(t,O≥ns) = ¬path, if n > 1 (18)

S(t,¬Os) =

{
¬path, if s = t

t, if s 6= t
(19)

S(t, O1s) =

{
t, if s = t

¬path, if s 6= t
(20)

3 Note that the conjunction in (16) can be an inconsistency.



S(t, Ons) = ¬path, if n > 1 (21)

We remind that ¬path means inconsistency so if a conjunct reduces to ¬path
then the whole conjunction is inconsistent and if a disjunct is found to be incon-
sistent then it can be eliminated.

Let p ∈ T ASKS be an iterative task of the form (2) (i.e. p ← (q⊗ p)∨ state)
that satisfies the unique task assumption. Then:

S(p, O≥ns) =
∨

n=k1+...+km
(p⊗ S(q, O≥k1s)⊗ p ⊗ S(q, O≥k2s)⊗ p ⊗

. . . ⊗ S(q, O≥kms)⊗ p)
(22)

S(p,¬Os) = p′, where p′ is defined as:4 p′ ← (S(q,¬Os)⊗ p′) ∨ state (23)

S(p, Ons) =
∨

n=k1+...+km
(S(p,¬Os)⊗ S(q, Ok1s)⊗ S(p,¬Os)⊗

S(q, Ok2s)⊗ S(p,¬Os) ⊗
· · · ⊗ S(p,¬Os) ⊗
S(q, Okms)⊗ S(p,¬Os))

(24)

Let r ∈ T ASKS be a composite non-iterative task of the form (1) (i.e. r ← q)
that satisfies the unique task assumption. Let δ stand for ¬Os, O≥ns, or Ons,
where n ≥ 1. Then:

S(r, δ) = S(q, δ) (25)

where S(q, δ) is obtained as follows:

– if q = u⊗ v, then:

S(q, δ) = (S(u, δ)⊗ v) ∨ (u⊗ S(v, δ)), if δ is O≥ns or Ons
S(q, δ) = S(u, δ)⊗ S(v, δ), if δ is ¬Os

(26)

– if q = u | v, then:

S(q, δ) = (S(u, δ) | v) ∨ (u | S(v, δ)), if δ is O≥ns or Ons
S(q, δ) = S(u, δ) | S(v, δ), if δ is ¬Os

(27)

– if q = ¯u, then:
S(¯u, δ) = ¯S(u, δ) (28)

– if q = u ∨ v, then:

S((u ∨ v), δ) = S(u, δ) ∨ S(v, δ) (29)

4 Note that this transformation requires that all occurrences of p in constraints are
replaced with p′.



3.2 Proof theory

This section develops a proof theory for formulas of the form G ∧ C, where G
is a service choreography and C ∈ CONSTR. This proof theory does not depend
on the unique task assumption, if the only primitive constraints in C are of the
form Oa or ¬Oa.

It is trivial to show that C is equivalent to ∨i(∧j Cij), where each Cij is
either a primitive or serial constraint. To check if there is an execution of ψ∧C,
we need to use the inference rules introduced below and apply them to each
disjunct ψ ∧ (∧j Cij) separately. Therefore, we can assume that our constraint
C is a set of primitive or serial constraints.
Hot Components. We recall the notion of hot components of a formula from
[1]: hot(ψ) is a set of subformulas of ψ which are “ready to be executed.” This
set is defined inductively as follows:

1. hot(()) = {}, where () is the empty goal
2. hot(ψ) = ψ, if ψ is an atomic formula
3. hot(ψ1 ⊗ ...⊗ ψn) = hot(ψ1)
4. hot(ψ1 | ... | ψn) = hot(ψ1) ∪...∪ hot(ψn)
5. hot(¯ψ) ={¯ψ}
6. hot(ψ1 ∨ ... ∨ ψn) = hot(ψ1) or ... or hot(ψn)

Eligible Components. Now, we define the eligible set. This set is used help
in deciding which inference rules can be applied at any given moment in the
proofs. Let ψ be a service choreography and let C be a set of constraints. Let
tasks(C) denote the set of all tasks appearing in constraints in C. The set of
eligible components of a CTR goal ψ with respect to a set of constraints C is
initially defined as follows:

eligible(ψ, C) = {t | t ∈ hot(ψ), and C has no constraint of the form before(X, t)
or right-before(X, t), where X ∈ tasks(C) or X =?}

The eligible set keeps changing as the tasks in the choreography execute. The
exact mechanism of these changes is described in the inference rule 4. Note the
use of the ”?” symbol in the definition of eligible: it appears in constraints of the
form before(?,t), which are added or deleted during the execution, by inference
rule 4. The constraint before(?, t) means that for t to execute, one task (which
is different from t), denoted by ”?”, must execute prior to t. The symbol ”?”
also occurs as part of a new kind of constraints which are used internally by the
proof procedure:

right-before+(a, b) def= ?⊗ right-before(a, b) (30)

This constraint means that the first task can be anything (denoted by ”?”),
but beginning with the second action the constraint right-before(a, b) must hold
during the rest of the execution. Such constraints are not present initially, but
they are introduced by the proof theory system.



Sequents. Let P be a set of composite task definitions. The proof theory ma-
nipulates expressions of the form P,D --- ` (∃)φ, called sequents, where P is
a set of task definitions and D is the underlying database state. Informally, a
sequent is a statement that the transaction (∃)φ, which is defined by the rules
in P, can execute starting at state D. Each inference rule has two sequents, one
above the other, which is interpreted as: If the upper sequent is inferred, then
the lower sequent should also be inferred. As in classical resolution, any instance
of an answer-substitution is a valid answer to a query.

The extended inference system extends the inference system for Horn CTR
in [1] with one additional inference rule (rule 3). The other rules from [1] are also
significantly modified. The new system reduces to the old one when the set C of
constraints is empty. The new system also extends the proof theory developed
in [2].

Axioms. P, D --- ` ()∧C, for any database state D, where C does not contain
constraints of the form O≥ns or Ons, where n ≥ 1.

Inference Rules. In rules 1-5 below, σ denotes a substitution, ψ and ψ′ are
service choreographies, C and C ′ are constraint sets, D, D1, D2 denote database
states, and a is an atomic formula in eligible(ψ).

1. Applying transaction definitions: Let b ← β be a rule in P, and assume that
its variables have been renamed so that none are shared with ψ. If a and b
unify with the most general unifier σ then

P , D ---` (∃) (ψ′ ∧ C) σ
P , D ---` (∃) ψ ∧ C

where ψ′ is obtained from ψ by replacing an eligible occurrence of a by β.
2. Querying the database: If (∃)aσ is true in the current state D and aσ and

ψ′σ share no variables then

P , D ---` (∃) (ψ′ ∧ C) σ
P , D ---` (∃) ψ ∧ C

where ψ′ is obtained from ψ by deleting an eligible occurrence of a.
3. Simplification: If δ is a primitive constraint, then:

P , D ---` (∃) (S(ψ,δ) ∧ C)
P , D ---` (∃) ψ ∧ (C ∧ δ)

4. Executing primitive tasks: If aσ is a primitive task that changes state state
D1 to D2 then

P , D2 ---` (∃) (ψ′ ∧ C ′) σ
P , D1 ---` (∃) ψ ∧ C

where ψ’ is obtained from ψ by deleting an eligible occurrence of a. C ′ is
obtained from C as follows. Suppose T, S ∈ tasks(C) are arbitrary task
names, and that T 6= a. Then:



– Step 1: Initially C ′ is C.
– Step 2:

(a) replace every constraint of the form right-before+(T, S) in C ′ with
a constraint of the form right-before(T, S)

(b) delete every constraint of the form before(a, T ) in C ′

(c) delete every constraint of the form before(?, T ) in C ′

(d) replace every constraint of the form right-before(a, T ) in C ′ with a
constraint of the form right-before+(a, T )

(e) for every constraint of the form not-between(a, T, a) in C ′, add a
constraint of the form blocks(T, a) to C ′

(f) for every constraint of the form after(a, T ) in C ′, add a constraint
of the form existence(T ) to C ′

(g) for every constraint of the form blocks(a, T ) in C ′, add a constraint
of the form absence(T ) to C ′

(h) for every constraint of the form right-after(a, T ) in C ′, for all S in
tasks(C), S 6= T , add before(T, S) to C ′

(i) for every constraint of the form not-right-after(a, T ) in C ′, add a
constraint of the form before(?, T ) to C ′

(j) for every constraint of the form between(a, T, a) in C ′, add a con-
straint of the form before(T, a) to C ′

5. Executing atomic transactions: If ¯α is a hot component in ψ then

P , D ---` (∃) (α⊗ ψ′) ∧ C
P , D ---` (∃) ψ ∧ C

where ψ′ is obtained from ψ by deleting an eligible occurrence of ¯α.

Theorem 1. The above inference system is sound and complete for proving
constraint service choreographies, if the service choreographies and constraints
satisfy the service contracts assumption.

Proof : See next sections.

4 Soundness of the Inference System

Theorem 2. (Soundness of the Inference System). Suppose P is a set of com-
posite task definitions, D a database identifier, ψ a CTR goal and C a constraint
from CONSTR satisfying the service contracts assumption. Then:

If P,D --- ` (ψ ∧ C) then P,D --- |= (ψ ∧ C)

Proof: To prove this theorem it is enough to prove that the axiom and each
inference rule are sound.

Proposition 1 below shows that the axiom is sound. Propositions 2-6 below
show that the inference rules 1-5 are sound. 2

In the followings, suppose ψ and ψ’ are service choreographies, C and C’
are constraints from CONSTR, Di are database states, a an atomic formula in
eligible(ψ), and σ a substitution. Suppose ψ, ψ’, C, and C’ satisfy the service
contracts assumption.



Proposition 1. (Soundness of the axiom) P,D1 ...Dn |= (∃) (() ∧ C), where
C does not contain any constraints of the form O≥ns or Ons, where n ≥ 1.

Proof. Suppose C contains a constraint of the form O≥ns or Ons, where n ≥ 1.
Since s is a primitive task, this implies that the path D1 ...Dn must have a
length of at least 2 (n ≥ 2). However this contradicts the fact () can be true on
paths of length one only. 2

Proposition 2. (Soundness of the 1st inference rule) Suppose b ← φ is a rule
in P whose variables have been renamed so that none are shared with ψ. Suppose
ψ’ is obtained from ψ by replacing an eligible occurrence of a by φ, and suppose
that a and b unify with mgu σ. Then:

If P,D1 ...Dn |= (∃) (ψ′ ∧ C)σ then P,D1 ...Dn |= (∃) (ψ ∧ C)

Proof. Suppose P,D1 ...Dn |= (∃) (ψ′ ∧ C)σ. Then, for every model M of P:

M, 〈D1 ...Dn〉 |= (∃) (ψ′ ∧ C)σ

By the definition of satisfaction in CTR, there is a variable assignment, η,
such that

M, 〈D1 ...Dn〉 |=η ψ′σ and M, 〈D1 ...Dn〉 |=η Cσ

By the soundness of the 1st CTR inference rule in [1]:

M, 〈D1 ...Dn〉 |=η′ ψ and M, 〈D1 ...Dn〉 |=η′ C

for some variable assignment η′ that extends η. Therefore, by the definition of
satisfaction in CTR:

M, 〈D1 ...Dn〉 |= (∃) (ψ ∧ C)

Since this is true for every model M of P it follows that:

P,D1 ...Dn |= (∃) (ψ ∧ C) 2

Proposition 3. (Soundness of the 2nd inference rule) Suppose (∃)aσ is true in
D and aσ and ψ′σ share no variables. Suppose ψ’ is obtained from ψ by deleting
an eligible occurrence of a. Then:

If P,D1 ...Dn |= (∃) (ψ′ ∧ C)σ then P,D1 ...Dn |= (∃) (ψ ∧ C)

Proof. The proof is similar to the previous proof, except that it is based on the
soundness of the 2nd CTR inference rule. 2

Proposition 4. (Soundness of the 3rd inference rule) Suppose δ is a primitive
constraint in CONSTR, and suppose S is the simplification operation. Then:

If P,D1 ...Dn |= (∃) (S(ψ, δ) ∧ C) then P,D1 ...Dn |= (∃) (ψ ∧ (C ∧ δ))



Proof. Follows from the only-if direction of Theorem 4. 2

Proposition 5. (Soundness of the 4th inference rule) Suppose aσ is a primi-
tive task that changes state D1 to D2, suppose ψ’ is obtained from ψ by deleting
an eligible occurrence of a. Suppose T, S ∈ tasks(C) are arbitrary task names,
and that T 6= a. Suppose C’ is obtained from C as follows:

– Step 1: Initially C ′ is C.
– Step 2:

1. replace every constraint of the form right-before+(T, S) in C ′ with a
constraint of the form right-before(T, S)

2. delete every constraint of the form before(a, T ) in C ′

3. delete every constraint of the form before(?, T ) in C ′

4. replace every constraint of the form right-before(a, T ) in C ′ with a con-
straint of the form right-before+(a, T )

5. for every constraint of the form not-between(a, T, a) in C ′, add a con-
straint of the form blocks(T, a) to C ′

6. for every constraint of the form after(a, T ) in C ′, add a constraint of
the form existence(T ) to C ′

7. for every constraint of the form blocks(a, T ) in C ′, add a constraint of
the form absence(T ) to C ′

8. for every constraint of the form right-after(a, T ) in C ′, for all S in
tasks(C), S 6= T , add before(T, S) to C ′

9. for every constraint of the form not-right-after(a, T ) in C ′, add a con-
straint of the form before(?, T ) to C ′

10. for every constraint of the form between(a, T, a) in C ′, add a constraint
of the form before(T, a) to C ′

Then:

If P,D2 ...Dn |= (∃) (ψ′ ∧ C ′)σ then P,D1 ...Dn |= (∃) (ψ ∧ C)

Proof. See Section 4.1.

Proposition 6. (Soundness of the 5th inference rule) Suppose ¯α is a hot com-
ponent in ψ, and suppose ψ’ is obtained from ψ by deleting an eligible occurrence
of ¯α. Then:

If P,D1 ...Dn |= (∃) ((α⊗ ψ′) ∧ C) then P,D1 ...Dn |= (∃) (ψ ∧ C)

Proof. Suppose P,D1 ...Dn |= (∃) ((α ⊗ ψ′) ∧ C). Then, for every model M of
P:

M, 〈D1 ...Dn〉 |= (∃) ((α⊗ ψ′) ∧ C)

By the definition of satisfaction in CTR, there is a variable assignment, η,
such that:

M, 〈D1 ...Dn〉 |=η (α⊗ ψ′) and M, 〈D1 ...Dn〉 |=η C



By the soundness of the 4th CTR inference rule:

M, 〈D1 ...Dn〉 |=η ψ and M, 〈D1 ...Dn〉 |=η C

By the definition of satisfaction in CTR:

M, 〈D1 ...Dn〉 |= (∃) ψ ∧ C

Since this is true for every model M of P it follows that:

P,D1 ...Dn |= (∃) (ψ ∧ C) 2

4.1 Soundness of the 4th Inference Rule

For convenient reference, we reproduce the statement of Proposition 5 here:
(Soundness of the 4th inference rule) Suppose aσ is a primitive task that changes
state D1 to D2, suppose ψ’ is obtained from ψ by deleting an eligible occurrence
of a. Suppose T, S ∈ tasks(C) are arbitrary task names, and that T 6= a. Suppose
C’ is obtained from C as follows:

– Step 1: Initially C ′ is C.
– Step 2:

1. replace every constraint of the form right-before+(T, S) in C ′ with a
constraint of the form right-before(T, S)

2. delete every constraint of the form before(a, T ) in C ′

3. delete every constraint of the form before(?, T ) in C ′

4. replace every constraint of the form right-before(a, T ) in C ′ with a
constraint of the form right-before+(a, T )

5. for every constraint of the form not-between(a, T, a) in C ′, add a con-
straint of the form blocks(T, a) to C ′

6. for every constraint of the form after(a, T ) in C ′, add a constraint of
the form existence(T ) to C ′

7. for every constraint of the form blocks(a, T ) in C ′, add a constraint of
the form absence(T ) to C ′

8. for every constraint of the form right-after(a, T ) in C ′, for all S in
tasks(C), S 6= T , add before(T, S) to C ′

9. for every constraint of the form not-right-after(a, T ) in C ′, add a con-
straint of the form before(?, T ) to C ′

10. for every constraint of the form between(a, T, a) in C ′, add a constraint
of the form before(T, a) to C ′

Then:

If P,D2 ...Dn |= (∃) (ψ′ ∧ C ′)σ then P,D1 ...Dn |= (∃) (ψ ∧ C)

Proof. Suppose P,D2 ...Dn |= (∃) (ψ′ ∧ C ′)σ. Then, for every model M of P:

M, 〈D2 ...Dn〉 |= (∃) (ψ′ ∧ C ′)σ



By the definition of satisfaction in CTR, there is a variable assignment, η,
such that:

M, 〈D2 ...Dn〉 |=η ψ′σ and M, 〈D2 ...Dn〉 |=η C ′σ

By the soundness of the 3rd CTR inference rule:

M, 〈D1 ...Dn〉 |=η′ ψ and M, 〈D2 ...Dn〉 |=η′ C ′

for some variable assignment η′ that extends η. To complete the proof, we need
to show that

M, 〈D1 ...Dn〉 |= (∃) C (31)

Then, since M, 〈D1 ...Dn〉 |=η′ ψ and M, 〈D1 ...Dn〉 |=η′ C, it follows that

M, 〈D1 ...Dn〉 |= (∃) (ψ ∧ C)

Since this is true for every model M of P it would follow that:

P,D1 ...Dn |= (∃) (ψ ∧ C)

Proof of (31). To prove (31), we need to consider each constrain in C and
prove that it holds on the path 〈D1 ...Dn〉. There are two groups of constraints
in C: those that “changed” in Step 2 of the 4th inference rule and those that
did not. The ones that changed are further divided in 10 cases. In each case, we
will prove either that the constraint holds because the transition from D1 to D2

was made by the primitive task a or because some other constraint was in C ′

and it held on the path 〈D2 ...Dn〉.

Cases of constraints that changed in Step 2. The numbering of the cases, below,
correspond to the numbering in Step 2 of Proposition 5.

1. We need to prove:

If M, 〈D2 ...Dn〉 |= (∃) right-before(T, S)
then M, 〈D1 ...Dn〉 |= (∃) right-before+(T, S)

This is proved by Lemma 1.
2. We need to prove:

M, 〈D1 ...Dn〉 |= (∃) before(a, T )

This is proved by Lemma 2.
3. We need to prove:

M, 〈D1 ...Dn〉 |= (∃) before(?, T )

This is proved by Lemma 2.



4. We need to prove:

If M, 〈D2 ...Dn〉 |= (∃) right-before+(a, T )
then M, 〈D1 ...Dn〉 |= (∃) right-before(a, T )

This is proved by Lemma 3.
5. We need to prove:

If M, 〈D2 ...Dn〉 |= (∃) (not-between(a, T, a) ∧ blocks(T, a))
then M, 〈D1 ...Dn〉 |= (∃) not-between(a, T, a)

This is proved by Lemma 4.
6. We need to prove:

If M, 〈D2 ...Dn〉 |= (∃) (after(a, T ) ∧ OT )
then M, 〈D1 ...Dn〉 |= (∃) after(a, T )

This is proved by Lemma 5.
7. We need to prove:

If M, 〈D2 ...Dn〉 |= (∃) (blocks(a, T ) ∧ ¬OT )
then M, 〈D1 ...Dn〉 |= (∃) blocks(a, T )

This is proved by Lemma 6.
8. Then, for every task S, S 6= T , we need to prove:

If M, 〈D2 ...Dn〉 |= (∃) (right-after(a, T ) ∧ before(T, S))
then M, 〈D1 ...Dn〉 |= (∃) right-after(a, T )

This is proved by Lemma 7.
9. We need to prove:

If M, 〈D2 ...Dn〉 |= (∃) (not-right-after(a, T ) ∧ before(?, T ))
then M, 〈D1 ...Dn〉 |= (∃) not-right-after(a, T )

This is proved by Lemma 8.
10. We need to prove:

If M, 〈D2 ...Dn〉 |= (∃) (between(a, T, a) ∧ before(T, a))
then M, 〈D1 ...Dn〉 |= (∃) between(a, T, a)

This is proved by Lemma 9.

Cases of constraints that did not change in Step 2. This includes the following
constraints: after(T,S), before(T,S), blocks(T,S), between(T,S,T), not-between(T,S,T),
right-after(T,S), right-before(T,S), not-right-after(T,S), where T 6= a.5 Then, for
any δ ∈ C, where δ has one of the above forms, we need to prove that:
5 Note that C does not contain any primitive constraints, so we do not have to consider

them in proving statement (31).



If M, 〈D2 ...Dn〉 |= (∃) δ
then M, 〈D1 ...Dn〉 |= (∃) δ

This is proved by Lemma 10.
2

Lemma 1. Suppose a is a primitive task that changes state D1 to D2, suppose
T is some other primitive task, suppose S is a primitive task such that S 6= T ,
and let right-before(T,S) and right-before+(T,S) be constraints. Then:

If M, 〈D2 ...Dn〉 |= (∃) right-before(T, S)
then M, 〈D1 ...Dn〉 |= (∃) right-before+(T, S)

Proof. Trivial. 2

Lemma 2. Suppose a is a primitive task that changes state D1 to D2, suppose
T is some other primitive task, let X denote a or ?, and let before(X,T) be a
constraint. Then:

M, 〈D1 ...Dn〉 |= (∃) before(X,T )

Proof. By the assumption:

M, 〈D1D2〉 |= (∃) a

Because the transition from D1 to D2 can be made only by a (by primitive task
independence assumption), it follows that before the execution of any other task,
task a is executed, i.e.:

M, 〈D1 ...Dn〉 |= (∃) before(a, T )

2

Lemma 3. Suppose a is a primitive task that changes state D1 to D2, suppose
T is some other task, and suppose right-before(a,T) and right-before+(a,T) are
constraints. Then:

If M, 〈D2 ...Dn〉 |= (∃) right-before+(a, T )
then M, 〈D1 ...Dn〉 |= (∃) right-before(a, T )

Proof. By the assumptions:

M, 〈D1D2〉 |= (∃) a and M, 〈D2 ...Dn〉 |= (∃) right-before+(a, T )

Then, by the definition of right-before+ and by the definition of satisfaction
in CTR, we need to prove that:

If M, 〈D3 ...Dn〉 |= (∃) right-before(a, T )
and M, 〈D1D2〉 |= (∃) a

then M, 〈D1 ...Dn〉 |= (∃) right-before(a, T )
(32)



Since M, 〈D2D3〉 |= (∃) ? it follows that right before the execution of ?, task
a is executed. Since ? stands for any task, and because the transition from D1

to D2 can be made only by a (by primitive task independence assumption), it
follows that:6

M, 〈D1D2D3〉 |= (∃) right-before(a, T )

Since M, 〈Di ...Dn〉 |= (∃) right-before(a, T ), it follows:

M, 〈D1 ...Dn〉 |= (∃) right-before(a, T )

2

Lemma 4. Suppose a is a primitive task that changes state D1 to D2, suppose
T is some other task, and let not-between(a,T,a) and blocks(T,a) be constraints.
Then:

If M, 〈D2 ...Dn〉 |= (∃) (not-between(a, T, a) ∧ blocks(T, a))
then M, 〈D1 ...Dn〉 |= (∃) not-between(a, T, a)

Proof. By the assumptions:

M, 〈D1D2〉 |= (∃) a and M, 〈D2 ...Dn〉 |= (∃) (not-between(a, T, a)∧blocks(T, a))

Then, by the definition of satisfaction in CTR, we need to prove that:

If M, 〈D2 ...Dn〉 |= (∃) not-between(a,T,a)
and M, 〈D2 ...Dn〉 |= (∃) blocks(T, a)
and M, 〈D1D2〉 |= (∃) a

then M, 〈D1 ...Dn〉 |= (∃) not-between(a, T, a)

(33)

Suppose M, 〈D1 ...Dn〉 |= (∃) not-between(a, T, a) is false. Then, by defini-
tion of not-between:

M, 〈D1 ...Dn〉 |= (∃) (path⊗ a⊗ OT ⊗ a⊗ path)

Since M, 〈D2 ...Dn〉 |= (∃) not-between(a,T,a), and a is the transition from
D1 to D2 (by independence of primitive tasks, no other transition can happen),
the only way not-between(a,T,a) can be violated is if we had:

M, 〈D2 ...Dn〉 |= (∃) (OT ⊗ a⊗ path)

But this contradicts M, 〈D2 ...Dn〉 |= (∃) blocks(T, a), i.e. the fact that after
T, a cannot execute. 2

Lemma 5. Suppose a is a primitive task that changes state D1 to D2, suppose
T is some other task, and let after(a,T) and OT be constraints. Then:

If M, 〈D2 ...Dn〉 |= (∃) (after(a, T ) ∧ OT )
then M, 〈D1 ...Dn〉 |= (∃) after(a, T )

6 Recall that if the transition from D2 to D3 was made by a task different than T
then right-before(a, T ) still holds.



Proof. By the assumptions:

M, 〈D1D2〉 |= (∃) a and M, 〈D2 ...Dn〉 |= (∃) (after(a, T ) ∧ OT ).

Then, by the definition of satisfaction in CTR, we need to prove that:

If M, 〈D2 ...Dn〉 |= (∃) after(a, T )
and M, 〈D2 ...Dn〉 |= (∃) OT
and M, 〈D1D2〉 |= (∃) a

then M, 〈D1 ...Dn〉 |= (∃) after(a, T )

(34)

Suppose M, 〈D1 ...Dn〉 |= (∃) after(a, T ) is false. Then, by the definition
of after, and because the transition from D1 to D2 can be made only by a (by
primitive task independence assumption), it follows that:

M, 〈D1 ...Dn〉 |= (∃) (a⊗ ¬OT )

and thus also

M, 〈D2 ...Dn〉 |= (∃) (¬OT )

But this contradicts M, 〈D2 ...Dn〉 |= (∃) OT , i.e. the fact that T must
execute. 2

Lemma 6. Suppose a is a primitive task that changes state D1 to D2, suppose
T is some other task, and let blocks(a,T) and ¬OT be constraints. Then:

If M, 〈D2 ...Dn〉 |= (∃) (blocks(a, T ) ∧ ¬OT )
then M, 〈D1 ...Dn〉 |= (∃) blocks(a, T )

Proof. By the assumptions:

M, 〈D1D2〉 |= (∃) a and M, 〈D2 ...Dn〉 |= (∃) (blocks(a, T ) ∧ ¬OT )

Then, by the definition of satisfaction in CTR, we need to prove that:

If M, 〈D2 ...Dn〉 |= (∃) blocks(a, T )
and M, 〈D2 ...Dn〉 |= (∃) ¬OT
and M, 〈D1D2〉 |= (∃) a

then M, 〈D1 ...Dn〉 |= (∃) blocks(a, T )

(35)

Suppose M, 〈D1 ...Dn〉 |= (∃) blocks(a, T ) is false. Then, by definition of
blocks, and because the transition from D1 to D2 can be made only by a (by
primitive task independence assumption), it follows that:

M, 〈D1 ...Dn〉 |= (∃) (a⊗ OT )

and thus also

M, 〈D2 ...Dn〉 |= (∃) OT

But this contradicts M, 〈D2 ...Dn〉 |= (∃) ¬OT , i.e. the fact that T must not
execute. 2



Lemma 7. Suppose a is a primitive task that changes state D1 to D2, suppose
T is some other task, suppose S is a primitive task such that S 6= T , and let
right-after(a,T) and before(T,S) be constraints. Then:

If M, 〈D2 ...Dn〉 |= (∃) (right-after(a, T ) ∧ before(T, S))
then M, 〈D1 ...Dn〉 |= (∃) right-after(a, T )

Proof. By the assumptions:

M, 〈D1D2〉 |= (∃) a and M, 〈D2 ...Dn〉 |= (∃) (right-after(a, T )∧before(T, S))

Since M, 〈D2 ...Dn〉 |= (∃) before(T, S) is true for all tasks S, S 6= T , it
follows that the transition from D2 to D3 must be T.

Then, by the definition of satisfaction in CTR, we need to prove that:

If M, 〈D2 ...Dn〉 |= (∃) right-after(a, T )
and M, 〈D2D3〉 |= (∃) T
and M, 〈D1D2〉 |= (∃) a

then M, 〈D1 ...Dn〉 |= (∃) right-after(a, T )

(36)

It follows directly that:

M, 〈D1 ...Dn〉 |= (∃) right-after(a, T )

2

Lemma 8. Suppose a is a primitive task that changes state D1 to D2, suppose
T is some other task, and let not-right-after(a,T) and before(?,T) be constraints.
Then:

If M, 〈D2 ...Dn〉 |= (∃) (not-right-after(a, T ) ∧ before(?, T ))
then M, 〈D1 ...Dn〉 |= (∃) not-right-after(a, T )

Proof. By assumptions:

M, 〈D1D2〉 |= (∃) a and M, 〈D2 ...Dn〉 |= (∃) (not-right-after(a, T )∧before(?, T ))

Then, by the definition of satisfaction in CTR, we need to prove that:

If M, 〈D2 ...Dn〉 |= (∃) not-right-after(a, T )
and M, 〈D2 ...Dn〉 |= (∃) before(?, T )
and M, 〈D1D2〉 |= (∃) a

then M, 〈D1 ...Dn〉 |= (∃) not-right-after(a, T )

(37)

Suppose M, 〈D1 ...Dn〉 |= (∃) not-right-after(a, T ) is false. Then, by the
definition of not-right-after, and by the independence assumption which implies
that a is the first transition, it follows that:

M, 〈D1 ...Dn〉 |= (∃) a⊗ T ⊗ path



and thus also

M, 〈D2 ...Dn〉 |= (∃) T ⊗ path

But this contradicts M, 〈D2 ...Dn〉 |= (∃) before(?, T ), i.e. the fact that T
cannot be the first transition from D2. 2

Lemma 9. Suppose a is a primitive task that changes state D1 to D2, suppose T
is some other task, and let between(a,T,a) and before(T,a) be constraints. Then:

If M, 〈D2 ...Dn〉 |= (∃) (between(a, T, a) ∧ before(T, a))
then M, 〈D1 ...Dn〉 |= (∃) between(a, T, a)

Proof. By the assumptions:

M, 〈D1D2〉 |= (∃) a and M, 〈D2 ...Dn〉 |= (∃) (between(a, T, a)∧before(T, a))

Then, by the definition of satisfaction in CTR, we need to prove that:

If M, 〈D2 ...Dn〉 |= (∃) between(a, T, a)
and M, 〈D2 ...Dn〉 |= (∃) before(T, a)
and M, 〈D1D2〉 |= (∃) a

then M, 〈D1 ...Dn〉 |= (∃) between(a, T, a)

(38)

Suppose M, 〈D1 ...Dn〉 |= (∃) between(a, T, a) is false. Then, by definition of
between, and by the independence assumption which implies that a is the first
transition, it follows that:

M, 〈D1 ...Dn〉 |= (∃) a⊗ ¬OT ⊗ a⊗ path

and thus also

M, 〈D2 ...Dn〉 |= (∃) ¬OT ⊗ a⊗ path

But this contradicts M, 〈D2 ...Dn〉 |= (∃) before(T, a), i.e. the fact that
before a, T must be executed. 2

Lemma 10. Suppose a is a primitive task that changes state D1 to D2 and let
T 6= a be some other primitive task. Suppose S is a primitive task such that
S 6= T , and let δ denote a constraint of the form after(T, S), before(T, S),
blocks(T, S), between(T, S, T ), not-between(T, S, T ), right-after(T, S), right-
before(T, S), or not-right-after(T, S). Then:

If M, 〈D2 ...Dn〉 |= (∃) δ
then M, 〈D1 ...Dn〉 |= (∃) δ

Proof. The proof is based on the observation that δ denotes constraints that are
of the form if T then.... Since, by the assumptions, the first transition (from D1

to D2) is made by the primitive task a and T 6= a, T cannot also be such a first
transition (due to the independence of T and a as primitive tasks). Therefore,
no constraint of the form if T then... can be violated on the path 〈D1D2 ...Dn〉,
but be satisfied on the path 〈D2 ...Dn〉. 2



5 Completeness of the Inference System

Theorem 3. (Completeness of the Inference System). Suppose P is a set of
composite task definitions, D a database identifier, ψ a service choreography,
C a conjunction of primitive or serial constraints, and ψ and C satisfy the ser-
vice contracts assumption. Then:

P,D --- |= (ψ ∧ C) implies P,D --- ` (ψ ∧ C)

Proof. The proof of completeness is based on the following facts:

– The original CTR proof theory is complete.
– The current proof theory restricts the original CTR proof theory by eliminat-

ing certain derivation paths. Soundness implies that all the remaining paths
satisfy C. Completeness means that none of the eliminated path satisfies C.

The key step in the proof is to show that the eliminated derivation paths
correspond to executions that violate some of the constraints. There are two
reasons a derivation path is eliminated by the proof theory:

1. a hot task may be blocked because it is not eligible, and
2. a path might be eliminated by the simplification transformation.

By the definition of the eligible set, a hot task t is not eligible if it appears in
a constraint of the form before(X, t) or right-before(X, t). If such a hot task t is
executed at some state D1 and causes transition to D2 then neither before(X, t)
nor right-before(X, t) are satisfied on any path of the form 〈D1D2 ...Dn〉.

The claim that the simplification transformation eliminates only those paths
that violate some of the constraints is established by the if direction of Theorem
4. 2

6 Main Property of the Simplification Transformation

The next theorem has been relied upon in the proofs of soundness and complete-
ness of the inference system.

Theorem 4. (Simplification Transformation and Conjunction) Suppose δ is a
primitive constraint in CONSTR, and suppose S is the simplification operation.
Let M be a path structure, and let π be an arbitrary path. Then:

M, π |= (∃) (ψ ∧ δ) iff M, π |= (∃) S(ψ, δ) (39)

Proof. We have to prove (39) for each combination of ψ and δ, where task
ψ can be (1) primitive, (2) iterative, or (3) a non-iterative composite task. The
constraint δ can be (a) O≥ns, (b) ¬Os, or (c)Ons, where s is a primitive task
and n ≥ 1. Furthermore, when ψ is a primitive task, it is possible that ψ = s.
When ψ is a non-iterative composite task it can be of the form u⊗ v, u | v, ¯u,
or u ∨ v. In total we have 35 possible combination. In the following we prove
(39) for all combinations, grouping the different cases into one lemma wherever
possible.



Primitive Tasks

Lemma 11. Suppose ψ is a primitive task, δ = Os or O1s, and s = ψ. Let M
be a path structure, and let π be an arbitrary path. Then:

M, π |= (∃) (ψ ∧ δ) iff M, π |= (∃) S(ψ, δ)

Proof. When ψ is a primitive task s and δ = Os or O1s, then (17) and (20) in
the definition of S show that S(ψ, δ) = ψ. Since δ = Os or O1s, and s = ψ, it is
easy to see that ψ ∧ δ ≡ ψ. Therefore S(ψ, δ) ≡ ψ ∧ δ. 2

Lemma 12. Suppose ψ is a primitive task, δ = Os or O1s, and s 6= ψ. Let M
be a path structure, and let π be an arbitrary path. Then:

M, π |= (∃) (ψ ∧ δ) iff M, π |= (∃) S(ψ, δ)

Proof. When s 6= ψ, the cases (17) and (20) in the definition of S give us
S(ψ, δ) ≡ ¬path. Thus, we need to prove that there is no path π such that
M, π |= (∃) (ψ ∧ δ).

Since M, π |= (∃) (ψ ∧ δ) and because ψ is a primitive task, it follows that π
must be of length 2. But then δ must be just equal s and we have M, π |= (ψ∧s).
However, since ψ and s are independent primitive tasks, they cannot be true at
the same time on the same path π, so π cannot exist. 2

Lemma 13. Suppose ψ is a primitive task, δ = O≥ns or Ons, n > 1, and s = ψ
or s 6= ψ. Let M be a path structure and π be an arbitrary path. Then:

M, π |= (∃) (ψ ∧ δ) iff M, π |= (∃) S(ψ, δ)

Proof. When δ = O≥ns or Ons, n > 1, then (18) and (21) in the definition of S
give us S(ψ, δ) = ¬path, so we need to prove that there is no path π such that
M, π |= (∃) (ψ ∧ δ).

Let δ1 denote O≥1s or O1s. By the definition of satisfaction in CTR, and by
(4) and (7) (the definitions of O≥n and On), M, π |= (∃) (ψ ∧ δ) iff

M, π |= (∃) ψ, M, π |= (∃) (δ1 ⊗ ...⊗ δ1︸ ︷︷ ︸
n

)

Since ψ and s are primitive, the left-hand assertion then implies that π has
length 2, while the right-hand assertion can be true only on a path of length at
least 3 — a contradiction. Therefore, such a path cannot exist. 2

Lemma 14. Suppose ψ is a primitive task, δ = ¬Os, and s = ψ. Let M be a
path structure, and π an arbitrary path. Then:

M, π |= (∃) (ψ ∧ δ) iff M, π |= (∃) S(ψ, δ)

Proof. When δ = ¬Os, and s = ψ, by (19) in the definition of S, S(ψ,¬Os) ≡
¬path. Since ψ = s, we need to prove that there is no path π such that
M, π |= (s ∧ ¬Os).

Since s is a primitive task, π must be of length 2 and thus M, π |= Os iff
M, π |= s. Therefore, the above reduces to M, π |= s ∧ ¬s — an impossibility.

2



Lemma 15. Suppose ψ is a primitive task, δ = ¬Os, and s 6= ψ. Let M be a
path structure, and π an arbitrary path. Then:

M, π |= (∃) (ψ ∧ δ) iff M, π |= (∃) S(ψ, δ)

Proof. Since δ = ¬Os and s 6= ψ, by (19) in the definition of S, we have
S(ψ,¬Os) = ψ. Since M, π |= (∃) (ψ ∧ ¬Os) and ψ is a primitive task, it
follows that π has the length of 2. Since s and ψ are independent elementary
updates, M, π |= ψ implies M, π |= ¬Os. Therefore, if M, π |= ψ then also
M, π |= (∃) (ψ ∧ ¬Os). The reverse implication is a consequence of a general
property of ∧ and we thus get the following:

M, π |= (∃) (ψ ∧ ¬Os) iff M, π |= (∃) ψ

The lemma now follows from the earlier fact that S(ψ,¬Os) = ψ. 2

Composite non-Iterative Tasks

Lemma 16. Suppose ψ is a non-iterative task whose body has the form u ⊗ v
and δ = O≥ns or Ons, n ≥ 1. Let M be a path structure, and let π be an arbitrary
path. Then:

M, π |= (∃) (ψ ∧ δ) iff M, π |= (∃) S(ψ, δ) (40)

Proof. When ψ = u ⊗ v and δ = O≥ns, or Ons, by (26) in the definition of S,
we have S(ψ, δ) = (S(u, δ)⊗ v) ∨ (u⊗ S(v, δ)). Therefore, we need to prove:

M, π |= (∃) ((u⊗ v) ∧ δ)
iff

M, π |= (∃) (S(u, δ)⊗ v) ∨ (u⊗ S(v, δ))

We will prove this by induction on the structure of ψ. The base case follows
from Lemmas 11-15. Assume, by induction, that (40) is true for every sub-
formula of ψ. As a special case, for any path π′ we have:

M, π′ |= (∃) (u ∧ δ) iff M, π′ |= (∃) S(u, δ)
M, π′ |= (∃) (v ∧ δ) iff M, π′ |= (∃) S(v, δ) (41)

By the definition of satisfaction in CTR, for some paths π1, π2 whose con-
catenation is π: M, π |= (∃) ((u ⊗ v) ∧ δ) iff there is a variable assignment η
such that

M, π1 |=η u, M, π2 |=η v, M, π |=η δ (42)

Since u⊗ v satisfies the unique task occurrence assumption, δ is true either
on π1 or π2, but not on both. Therefore, (42) holds iff

M, π1 |=η u, M, π2 |=η v, M, π1 |=η δ
or
M, π1 |=η u, M, π2 |=η v, M, π2 |=η δ



and thus iff :
M, π1 |=η (u ∧ δ), M, π2 |=η v
or
M, π1 |=η u, M, π2 |=η (v ∧ δ)

(43)

By the inductive assumption (41), (43) holds iff

M, π1 |=η S(u, δ), M, π2 |=η v
or
M, π1 |=η u, M, π2 |=η S(v, δ)

and thus iff

M, π |= (∃) ((S(u, δ)⊗ v) ∨ (u⊗ S(v, δ)))

2

Lemma 17. Suppose ψ is a non-iterative task whose body has the form u ⊗ v
and δ = ¬Os. Let M be a path structure, and let π be an arbitrary path. Then:

M, π |= (∃) (ψ ∧ δ) iff M, π |= (∃) S(ψ, δ) (44)

Proof. When ψ = u⊗v and δ = ¬Os, by (26) in the definition of S, S(ψ,¬Os) =
(S(u,¬Os)⊗ S(v,¬Os)). Then, we need to prove:

M, π |= (∃) ((u⊗ v) ∧ ¬Os)
iff

M, π |= (∃) (S(u,¬Os)⊗ S(v,¬Os))
(45)

We will prove this by induction on the structure of ψ. The base case follows from
Lemmas 11-15. Assume, by induction, that (44) is true for every sub-formula of
ψ and every path π′. As a special case,

M, π′ |= (∃) (u ∧ ¬Os) iff M, π′ |= (∃) S(u,¬Os)
M, π′ |= (∃) (v ∧ ¬Os) iff M, π′ |= (∃) S(v,¬Os) (46)

By the definition of satisfaction in CTR, for some paths π1, π2 whose con-
catenation is π: M, π |= (∃) ((u ⊗ v) ∧ ¬Os) iff for some variable assignment
η,

M, π1 |=η u, M, π2 |=η v, M, π |=η ¬Os (47)

Since ¬Os is true for every sub-path of π, by the definition of satisfaction in
CTR, (47) holds iff :

M, π1 |=η (u ∧ ¬Os), M, π2 |=η (v ∧ ¬Os) (48)

By the induction assumption (46), (48) holds iff

M, π1 |=η S(u,¬Os), M, π2 |=η S(v,¬Os) (49)

By the definition of satisfaction in CTR, (49) holds iff

M, π |= (∃) (S(u,¬Os)⊗ S(v,¬Os))

2



Lemma 18. Suppose ψ is a non-iterative task whose body has the form u | v
and δ = O≥ns or Ons, n ≥ 1. Let M be a m-path structure, and let π be an
arbitrary m-path. Then:

M, π |= (∃) (ψ ∧ δ) iff M, π |= (∃) S(ψ, δ)

Proof. The proof is identical to that of Lemma 16 with the exception that | is
used instead of ⊗ and path interleaving of π1, π2 is used in that proof instead
of path concatenation. 2

Lemma 19. Suppose ψ is a non-iterative task whose body has the form u | v
and δ = ¬Os. Let M be a m-path structure, and let π be an arbitrary m-path.
Then:

M, π |= (∃) (ψ ∧ δ) iff M, π |= (∃) S(ψ, δ)

Proof. The proof is identical to that of Lemma 17 with the exception that | is
used instead of ⊗ and path interleaving of π1, π2 is used in that proof instead
of path concatenation. 2

Lemma 20. Suppose ψ is a non-iterative task whose body has the form ¯u and
δ = O≥ns, Ons, or ¬Os, where n ≥ 1. Let M be a path structure, and π an
arbitrary path. Then:

M, π |= (∃) (ψ ∧ δ) iff M, π |= (∃) S(ψ, δ) (50)

Proof. When ψ = ¯u and δ = O≥ns, Ons, or ¬Os, n ≥ 1, by (28) in the
definition of S, we have S(ψ, δ) = ¯S(u, δ). Therefore, we need to prove:

M, π |= (∃) (¯u ∧ δ)
iff

M, π |= (∃) ¯ S(u, δ)
(51)

We will prove this by induction on the structure of ψ. The base case follows
from Lemmas 11-15. Assume, by induction, that (50) is true for every sub-
formula of ψ and every sub-path of π. Then, for any sub-path π′ of π, we can
assume that

M, π′ |= (∃) (¯u ∧ δ) iff M, π′ |= (∃) ¯ S(u, δ) (52)

By the definition of satisfaction in CTR, M, π |= (∃) (¯u ∧ δ) iff

M, π |= (∃) (u ∧ δ), π is a path (not m-path) (53)

By the definition of satisfaction in CTR, (53) holds iff

M, π |= (∃) ¯ (u ∧ δ) (54)

By the inductive assumption (52), (54) holds iff

M, π |= (∃) ¯ S(u, δ)

2



Lemma 21. Suppose ψ is a non-iterative task whose body has the form u ∨ v
and δ = O≥ns, Ons, or ¬Os, where n ≥ 1. Let M be a path structure, and π an
arbitrary path. Then:

M, π |= (∃) (ψ ∧ δ) iff M, π |= (∃) S(ψ, δ) (55)

Proof. When ψ = u∨ v and δ = O≥ns, Ons, or ¬Os, n ≥ 1, the case (29) in the
definition of S yields S(ψ, δ) = (S(u, δ) ∨ S(v, δ)). Therefore, we need to prove:

M, π |= (∃) ((u ∨ v) ∧ δ)
iff

M, π |= (∃) (S(u, δ) ∨ S(v, δ))
(56)

We will prove this by induction on the structure of ψ. The base case follows
from Lemmas 11-15. Assume, by induction, that (55) is true for every sub-
formula of ψ and every sub-path of π. Thus, we can assume for any path π′

that:

M, π′ |= (∃) (u ∧ δ) iff M, π′ |= (∃) S(u, δ)
M, π′ |= (∃) (v ∧ δ) iff M, π′ |= (∃) S(v, δ) (57)

Since distributivity of ∨ and ∧ is a general property of CTR, it follows that
M, π |= (∃) ((u ∨ v) ∧ δ) iff

M, π |= (∃) ((u ∧ δ) ∨ (v ∧ δ)) (58)

By the induction assumption (57), (58) is true iff

M, π |= (∃)(S(u, δ) ∨ S(v, δ))

2

Composite Iterative Tasks

Lemma 22. Suppose ψ is an iterative task of the form ψ ← (q ⊗ ψ) ∨ state
and δ = O≥ns, n ≥ 1. Let M be a path structure, and let π be an arbitrary path.
Then:

M, π |= (∃) (ψ ∧ δ) iff M, π |= (∃) S(ψ, δ) (59)

Proof. By (22) in the definition of S, we need to prove:

M, π |= (∃) (ψ ∧ δ)
iff

M, π |= (∃)
∨

n=k1+...+km (ψ ⊗ S(q, O≥k1s)⊗ ψ⊗
S(q, O≥k2s)⊗ ψ⊗

. . . . . .
S(q, O≥kms)⊗ ψ)

(60)

As before, the proof is by induction on the structure of ψ. The base case follows
from Lemmas 11-15. Assume, by induction, that (59) is true for every sub-
formula of ψ and every sub-path of π. In our case, this assumption implies the



following, for every path π′, every integer k ≥ 0, and every variable assignment,
η:

M, π′ |=η (q ∧ O≥ks) iff M, π′ |=η S(q, O≥ks) (61)

By the structure of ψ and the definition of satisfaction in CTR, M, π |=
(∃) (ψ ∧ O≥ns) iff there are a path decomposition π = π1 ◦ ... ◦ πm and
integers k1 ≥ 0, ..., km ≥ 0 such that n = k1 + · · ·+ km and

M, π1 |=η (q ∧ O≥k1s), ..., M, πm |=η (q ∧ O≥kms) (62)

for some variable assignment η. Here some ki can be 0 and, in this case, O≥ki
s is

satisfied on every path and is not a constraint at all. So, in such a case, q∧O≥kis
is simply q. In other cases, when ki > 0, we can use the inductive assumption
(61) to conclude M, πi |=η S(q, O≥ki

s). Therefore, M, π |= (∃) (ψ ∧ O≥ns)
implies

M, π |= (∃) (ψ ⊗ S(q, O≥l1s)⊗ ψ ⊗ . . . ⊗ ψ ⊗ S(q, O≥lzs)⊗ ψ)

where l1 + . . .+ lz = n. The intervening ψ’s here come from the possibly multiple
executions q, which, as explained above, arise from the cases when ki = 0 in (62)
and from the observation that (when there are no intervening q’s) an execution
of state is also an execution of ψ. Since this is one of the disjuncts in (60), this
proves the only if part of our inductive claim.

The if -part of the inductive claim (60) is also easy. If the right-hand disjunc-
tion there is true, then one of the disjuncts is true. We can then fix a variable as-
signment, η, and use the inductive assumption (61) to convert every S(q, O≥kis)
into q ∧ O≥kis (under the variable assignment η), and thus conclude

M, π |=η (ψ ⊗ (q ∧ O≥k1s)⊗ ψ ⊗ . . .⊗ ψ ⊗ (q ∧ O≥kms)⊗ ψ) (63)

Since every execution of ψ amounts to zero or more executions of q, the above
implies M, π |= (∃) (ψ ∧ O≥n), which concludes the proof. 2

Lemma 23. Suppose ψ is an iterative task of the form ψ ← (q ⊗ ψ) ∨ state
and δ = ¬Os. Let M be a path structure, and let π be an arbitrary path. Then:

M, π |= (∃) (ψ ∧ δ) iff M, π |= (∃) S(ψ, δ) (64)

Proof. When ψ ← (q ⊗ ψ) ∨ state and δ = ¬Os, the case (23) in the definition
of S yields S(ψ,¬Os) = ψ′, where ψ′ ← (S(q,¬Os) ⊗ ψ′) ∨ state. Therefore,
we need to prove:

M, π |= (∃) (ψ ∧ ¬Os)
iff

M, π |= (∃) ψ′, where ψ′ ← (S(q,¬Os)⊗ ψ′) ∨ state

We will prove this by induction on the structure of ψ. The base case follows from
Lemmas 11-15. Assume, by induction, that (64) is true for every sub-formula of
ψ and every sub-path of ψ. Thus, we can assume for any path π′ that:



M, π′ |= (∃) (q ∧ ¬Os) iff M, π′ |= (∃) S(q,¬Os) (65)

By the definition of satisfaction in CTR, M, π |= (∃) (ψ ∧ ¬Os) iff for some
path decomposition π = π1 ◦ ... ◦ πk, k ≥ 0,

M, π1 |=η (q ∧ ¬Os), ..., M, πk |=η (q ∧ ¬Os) (66)

for some variable assignment η. By the inductive assumption (65), and by the
the definition of satisfaction in CTR, (66) holds iff

M, π |= (∃) (S(q,¬Os)⊗ ...⊗ S(q,¬Os)) (67)

From the definition of ψ′, it now follows that (67) holds iff

M, π |= (∃) ψ′

2

Lemma 24. Suppose ψ is an iterative task of the form ψ ← (q ⊗ ψ) ∨ state
and δ = Ons, n ≥ 1. Let M be a path structure, and let π be an arbitrary path.
Then:

M, π |= (∃) (ψ ∧ δ) iff M, π |= (∃) S(ψ, δ) (68)

Proof. By case (24) in the definition of S, we need to prove:

M, π |= (∃) (ψ ∧ Ons)
iff

M, π |= (∃)
∨

n=k1+...+km (S(ψ,¬Os)⊗ S(q, Ok1s)⊗ S(ψ,¬Os)⊗
S(q, Ok2s)⊗ S(ψ,¬Os)⊗

. . . . . .
S(q, Okms)⊗ S(ψ,¬Os))

(69)

We will prove this by induction on the structure of ψ. The base case follows
from Lemmas 11-15. Assume, by induction, that (68) is true for every sub-
formula of ψ. As a special case, assume that for every path π′ and k ≥ 1, the
following holds:

M, π′ |= (∃) (q ∧ Oks)
iff

M, π′ |= (∃) S(q, Oks)
(70)

By the structure of ψ and the definition of satisfaction in CTR, M, π |=
(∃) (ψ ∧ Ons) iff there are integers k1 ≥ 1, ..., km ≥ 1, m ≥ 1, such that
n = k1 + · · ·+ km and

M, π |= (∃) (ψ ∧ ¬Os)⊗ (q ∧ Ok1s)⊗ (ψ ∧ ¬Os)⊗
...⊗ (ψ ∧ ¬Os)⊗ (q ∧ Okms)⊗ (ψ ∧ ¬Os) (71)



By the inductive assumption (70), by the fact that (ψ ∧ ¬Os) ≡ S(ψ,¬Os)
(proved by Lemma 23), and by the the definition of satisfaction in CTR, (71)
holds iff

M, π |= (∃) S(ψ,¬Os)⊗ S(q, Ok1s)⊗ S(ψ,¬Os)⊗
...⊗ S(ψ,¬Os)⊗ S(q, Okms)⊗ S(ψ,¬Os) (72)

Since this is one of the disjuncts in (69), this proves the only if part of our
inductive claim.

To prove the if -part of the inductive claim (69), suppose the right-hand
disjunction there is true. Then one of the disjuncts is true. We can then fix a
variable assignment, η, and use the inductive assumption (70) to convert every
S(q, Oki

s) into q∧Oki
s under that variable assignment. Then we can use Lemma

23 to convert S(ψ,¬Os) into (ψ∧¬Os) under the same variable assignment, and
thus conclude

M, π |=η (ψ ∧ ¬Os)⊗ (q ∧ Ok1s)⊗ (ψ ∧ ¬Os)⊗
...⊗ (ψ ∧ ¬Os)⊗ (q ∧ Okm

s)⊗ (ψ ∧ ¬Os)

which implies (71). As shown above, (71) is true iff M, π |= (∃) (ψ∧Ons). 2
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